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The method of the most probable path of evolution is applied to de- 
termine the stochastic matrix of transition probabilities under quasi- 
equilibrium conditions, as well as under conditions far removed from 
equilibrium. 

The me thod  of the m o s t  p r o b a b l e  path  of evo lu t ion  
d e s c r i b e s  nonequ i l i b r i um s t eady  s y s t e m s  by m e a n s  
of s t o c h a s t i c  m o d e l s  of d i s c r e t e - t i m e  Markov  p r o c e s -  
s e s .  The e s s e n c e  of the me thod  invo lves  the fol lowing.  

1. If the s y s t e m  i s  not in e q u i l i b r i u m  and a s t e ady  
flow has  been  e s t a b l i s h e d ,  the p r o p e r t i e s  of the s y s -  
tem a r e  def ined  not only by the d i s t r i b u t i o n  funct ion  
{Pi}, but by the cond i t iona l  p r o b a b i l i t i e s  {Pij} of t r a n -  
s i t ion  p e r  unit  t ime  be tween  the s t a t e s .  

2. The p r i n c i p a l  p o s t u l a t e  of the t h e r m o k i n e t i e s  of 
i r r e v e r s i b l e  p r o c e s s e s ,  g e n e r a l i z i n g  the s econd  law 
of t h e r m o d y n a m i c s ,  m u s t  n e c e s s a r i l y  con ta in  the a l -  
g o r i t h m  def in ing  the t r a n s i t i o n  p r o b a b i l i t i e s  on the 
b a s i s  of the i n f o r m a t i o n  known about  the s y s t e m .  

3. B a s e d  on c o n s i d e r a t i o n s  whose  d e t a i l e d  c o v e r -  
age wi l l  be g iven  s e p a r a t e l y ,  we d e r i v e d  the fo l l ow -  
ing f o r m u l a t i o n  of the p r i n c i p a l  pos tu l a t e :  the s t o c h a s -  
t ic  m a t r i x  {Pij} of the cond i t iona l  t r a n s i t i o n  p r o b a b i l i -  
t i e s ,  s a t i s f y i n g  al l  of the m a c r o s c o p i c  cond i t ions  
i m p o s e d  on the s y s t e m ,  in the s t e a d y  s t a t e  c a u s e s  the 
en t ropy  of evo lu t ion  to p a s s  to the m a x i m u m  through 
the s tep  

= - v_  p, p .  log p . .  (1) 
i i 

Hence i t  fo l lows  that  the e l e m e n t s  of the s t o c h a s t i c  
m a t r i x  can  be d e t e r m i n e d  by so lv ing  a v a r i a t i o n a l  
equat ion  of the f o r m  

k 

where  k of the equa t ion  Fi  = 0, (i = 1 . . .  k) r e p r e s e n t s  
m a c r o s c o p i c  cond i t ions  i m p o s e d  on the s y s t e m  and 
Xi a r e  the L a g r a n g e  m u l t i p l i e r s  i n t roduced  to t ake  
th is  i n f o r m a t i o n  into c o n s i d e r a t i o n  in the v a r i a t i o n .  
The p r o p o s e d  p o s t u l a t e  ac tua l l y  s a t i s f i e s  the p r i n c i p l e  
of c o r r e s p o n d e n c e  in the  s e n s e  of d e g e n e r a t i o n  to 
the second  law of t h e r m o d y n a m i c s  on t r a n s i t i o n  to the 
e q u i l i b r i u m  condi t ions .  

Here  we wi l l  c o n s i d e r  so lu t ions  of the  a b o v e - c i t e d  
v a r i a t i o n a l  equa t ion  fo r  a s y s t e m  with a s t e a d y  flow of 
hea t ;  s e p a r a t e  c o n s i d e r a t i o n  i s  g iven to the c a s e  of a 
s m a l l  f low of heat ,  when the n o n e q u i l i b r i u m  s y s t e m  is  
c l o s e  to the e q u i l i b r i u m  pos i t ion .  This  c a s e  has  been  
wel l  deve loped  by the me thod  of the t h e r m o d y n a m i c s  
of the q u a s i - e q u i l i b r i u m  s ta t e  [1], involv ing  the use  of 
l i n e a r  phenomeno log i ca l  r e l a t i o n s h i p s  be tween  t h e r m o -  

dynamic  f lows and f o r c e s .  Within the f r a m e w o r k  of the 
p r e s e n t  mode l ,  th is  l a s t  concept  i s  e a s i l y  g e n e r a l i z e d  
to the c a s e  of a r b i t r a r y  dev ia t ions  f rom the equ i l i b r i um 
s ta te .  

The e n t ropy  of evolu t ion  f o r  a s y s t e m  with hea t  f low.  
Let  the s t a t e s  of the s y s t e m  be the ene rgy  l e v e l s  ~l, 
e2, �9 . . ,  aN. Then P i i s  the p r o b a b i l i t y  of having ene rgy  
el,  Pij i s  the  p r o b a b i l i t y  of changing the ene rgy  ei to 
ej dur ing  the i n t e r v a l  t ime  7. We wi l l  a s s u m e  that  the 
t r a n s i t i o n s  be tween  the l eve l s  occu r  under  the in f lu -  
ence  of two f a c t o r s  ( t h e r m o s t a t s ) ,  with only one of 
t he se  ac t ing  in each  s tep ,  so that  i t  is  p o s s i b l e  to t r a c e  
the a v e r a g e  t r a n s f e r  of ene rgy  f r o m  one t h e r m o s t a t  to 
ano ther  and to use  the r e s u l t  of th is  e x p e r i m e n t  in the 
f o r m  of a condi t ion  i m p o s e d  on the s y s t e m .  

Le t  a i j  and bij  denote  the condi t iona l  p r o b a b i l i t i e s  
of t r a n s i t i o n  f r o m  leve l  i to l eve l  j under  the inf luence  
of the f i r s t  and second  f a c t o r s ,  r e s p e c t i v e l y .  Here  

ai: + bi: = p~: (i -4= ]). 

The p r o b a b i l i t y  of the sequence  of s t a t e s  i0, i 1, i 2 , . . . ,  
i s ,  whe re  the t r a n s i t i o n  i 0 --" i 1 i s  due to t h e f i r s t  f a c -  
to r ,  the t r a n s i t i o n  i 1 ~  i x i s  due to the second  fac to r ,  
the t r a n s i t i o n  i s -  1 ~ i s is  equal  to the f i r s t ,  e t c . ,  is  
equal  to 

Pi~ ai,il D i l L , .  , �9 . als., i s, 

and s ince  the n u m b e r  of t r a n s i t i o n s  with p r o b a b i l i t y  
uni ty in su f f i c i en t ly  long s equences  of s t a t e s  i s  p r o -  
po r t i ona l  to the p r o b a b i l i t y  of these  t r a n s i t i o n s ,  the 
p r o b a b i l i t y  of a su f f i c ien t ly  long sequence  of s t a t e s ,  
a c c o r d i n g  to the  c o n s i d e r a t i o n s  c o v e r e d  in [2], i s  
equal  to exp( -sH1) ,  where  s i s  the number  of s t eps  in 
the sequence ,  and H 1is the en t ropy  of the chain p e r  
i n t e r v a l ,  

HI = - -  ~ '  piaii log aii - -  ~ '  pibii log bij - -  

--N.~__.p,p,~logp.,  pi, = 1 - - ~ .  'pi i .  (2) 

The m e a n  e n e r g y  of th is  s y s t e m  is  equal  to 

(3) 
i 

Let  us  d e t e r m i n e  the m e a n  flow of hea t  for  the i n -  
t e r v a l  (the m e a n  e n e r g y  taken  by the s y s t e m  f rom the 
f i r s t  t h e r m o s t a t  dur ing  the t i m e  of a s ing le  in t e rva l )  
a c c o r d i n g  to the e x p r e s s i o n  

< Q > = (4)  
i i 
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Of c o u r s e ,  s i n c e  the  m e a n  e n e r g y  of the  s y s t e m  r e -  
m a i n s  cons tan t ,  on the  a v e r a g e  as  much  hea t  i s  g iven  
off by the s y s t e m  to the s econd  t h e r m o s t a t ,  i . e . ,  in 
add i t ion  to (4) 

At f i r s t  g l ance ,  in the a b s e n c e  of an e n e r g y  flux (in 
th is  c a s e  a i j  = bi j  = P i j / 2 ,  s i n c e  the t h e r m o s t a t s  a r e  
iden t i ca l )  e x p r e s s i o n  ( 2 ) m u s t  change  into (1); however ,  
subs t i t u t i ng  the  i n d i c a t e d  v a l u e s  of ai j  and bij  into (2), 
we obta in  

H ~ = - - ~ , ~  Pipiil~ (log 2) 1 - -  P~Pu , 
i ] 

so that H I ~ H. This is explained by the fact that in- 

stead of all of the trajectories of length s whose num- 
ber is equal to N s = exp(slogN), we need consider 

only Lhe class of the"most probable" trajectories 

whose number for a sufficiently large s is equal to 

exp (sill), while the probability of each of the trajecto- 

ries from this class is equal to exp (-sill). For a non- 

zero energy flux the trajectories of the system in the 

space of the states differ not only in terms of the orig- 

inal and final position of the system in this given step, 

but also in terms of the factor (first or second) respon- 

sible fo r  th is  t r a n s i t i o n .  In the absence  of f low both 
f a c t o r s  m u s t  be  r e g a r d e d  as  f undamen ta l l y  i n d i s t i n -  
gu i shab l e  in v iew of the i den t i t y  of the t h e r m o s t a t s .  
C e r t a i n  g roups  of t r a j e c t o r i e s  in th is  c a s e  c e a s e  to be 
d i f f e r en t  and a r e  thus r e d u c e d  to a s ing le  t r a j e c t o r y � 9  

If the t r a j e c t o r i e s  of a s y s t e m  a s s o c i a t e d  with two 
e x t e r n a l  f a c t o r s  a r e  su f f i c i en t ly  tong (for a length s 
the n u m b e r  of t r a j e c t o r i e s  i s  exp(sH~)) with a r e d u c t i o n  

L' ,  " J i 

t r a j e c t o r i e s ,  so that  wi th in  t h e i r  l i m i t s  t h e r e  wi l l  r e -  

n u m b e r  i s ,  of c o u r s e ,  equal  to exp (sH). 
The c i ted  c o n s i d e r a t i o n s  d e m o n s t r a t e  that  with an 

e n e r g y  flux d i f f e r en t  f r o m  z e r o  and b rought  about by 
two d i s t i n c t  e x t e r n a l  f a c t o r s ,  the en t ropy  of the e v o -  
lut ion fo r  the i n t e r v a l  r e d u c e s  to the  f o r m  

H ~ "  ~ log ai] "~" ~ log bi] 
i~] / i4-1 ] 

- - ~ p i p u l o g p . - - ( l o g 2 ) (  l - - ~ p i p . ) .  
i \ t 

The p r o b a b i l i t y  of t r a n s i t i o n  in  l i n e a r  a p p r o x i m a -  
t ion.  We can  now employ  the p r i n c i p a l  pos tu l a t e  a n d  
d e t e r m i n e  the p r o b a b i l i t y  of t r a n s i t i o n ,  with c o n s i d e r -  
a t ion of add i t iona l  condi t ions .  Let  us  w r i t e  the r e l a -  
t i onsh ip s  to which the v a r i a b l e s  a r e  sub jec t :  

1. By de f in i t ion  a~i + b~i = Pti i =/= j. 
2. The s t a n d a r d i z a t i o n  of the p r o b a b i l i t i e s  

& = 1, ( 5 )  
i 

p ,  = I. (6) 
] 

3. The condition for the steadiness of motion in the 

system 

(7) Pi = ~ PiPIt. ] 

4. The r e s u l t s  of e x p e r i m e n t s  (3) and (4). 
Le t  us r e w r i t e  the  e x p r e s s i o n  for  the en t ropy  in the 

fo rm 

H = - -  ~ Z '  E Pt [ai] log aii+ (Pii --  a,i) X 
t*]  i 

i 1 
x log(pi]--ai]) l - -2Pip,  tog(-~&~ ) --l'og2. 

i 

Since the probabilities aij pertain only to condition (4), 
we canmaximize H relative to aij for fixedvalues of Pij. 

Denoting the Lagrange multiplier by p, we will seek the 

maximum with the parameters aij: 

0 
- - ( H  + ~Q) = 0, 
Oakl 

which l eads  to the equat ion 

- -  Pk log akt - -  Pk + Pk log (Pet - -  Gt) + 

+ Pk + ~ Pk (s~ - -  s t) = 0, 

whence 

Pkl  
akl  ~-  1 + exp [- -  ~ (s k - -  sl)] 

Using the derived expression, we make the transform- 

ation 

H=--~Q--~__.  ~ p i p a x  

•  I Pii I - - l o g  2, 
1 + exp [--~t (s i - -  sj)l 

Q = ~ ~., PiPi] e, ---s i . (8) 
i ; t + exp [ - -  ~t (~i - -  e])] 

Maximizing expression (8) for the entropy of evo- 

lution relative to the transition probabilities Pij for 

conditions (3), (5), (6), and (7) leads to rather cum- 

bersome expressions and it is therefore tentatively 

reasonable to limit ourselves to the case of a small 

flow of energy. Since when Q = 0 the factor # vanishes, 

for small Q the factor/~ is also small. Let us use the 
expans ion  in th is  p a r a m e t e r  of s m a l l n e s s  exp [ -p (a  i - 
- ej)] ~ 1 - g(ei  - ej) .  In th i s  a p p r o x i m a t i o n  

H = - ~ Q - Z  Z p~pi, l~ , 
z i 

Q = ~-  ~ ~ PtPi] (s~ - -  si) 2, 
i ] 

i. e.,  the entropy of evolut ion di f fers f rom the equ i l ib -  
r ium entropy only by the magnitude #Q of the second 
order  of smallness, whi le the f low of heat is associ-  
ated with i ts Lagrange factor  # by a l inear  re la t i on -  
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ship. The maximiza t ion  is now accomplished easily, 
and specifically leads to the relationship 

P~i ~- PI = exp ( ~  ei/kT) ' 
Z 

where T is the temperature  of the system and z is its 
(equilibrium) statist ical  sum. Thus, the formulated 
problem has been completely solved: the transition 
probabilities have been expressed in terms of the three 
paramete rs ,  Z, T, and p, ensuring satisfaction of Eqs. 
(3), (4), and (5). The conditional probabilities of t r an-  
sition in the subject quasi-equilibrium case of a small 
flow of heat have the form 

ati exp(--s ' /kT) [ 1 +  P" ] 
2Z 2 (~ ( -  e i )  , 

2Z 2- ( ~ -  ~fi " 

For the heat flow we obtain the final expression 

where C V denotes the heat capacity of the system at 
constant volume. 

The general  ease. With an arb i t rary  deviation from 
the equilibrium state, the procedure for  the de termi-  
nation of the transit ion probabilities reduces to a 
variat ion of the entropy of evolution, taken in the form 
of (8), or using the denotation 

o r  

Pat = dkt exp [-- 1 + % + 6t], (11) 

where ~k and 6 l are defined from conditions c~) and 
6). 

Inthe place of a k and 51 let us introduce the pa rame-  
ters  ~k, and • i . e . ,  instead of (11) let 

while the unknown parameters  (k and • are defined 
by the relationships replacing a) and 6): 

E dkt ~t~Xl = 1, 2 Pflt" ~tZ~ = Pt" 
l k 

These can be symmetr ized by introducing ~0 k = Pk~k" 
Then 

% E dtz Xl = Pt, (12) 
l 

~t ~ dtl % = Pl' (13) 
k 

In new denotations 

PkPtt = dk~ %Zl, 

and substitution into (10) yields 

i i P i  

t 

(14) 

ePi ! 2 p i ] ~  ~ (log%l) 2 p t p t i  = 

d, i = 1 + exp [-- ~ ( e t  - -  ei)l 
2 (9) 

in the form 

EPtP,;'~ 

for the additional conditions: a) X Pa = I, 
I 

= E ,  y) 2 p i = l ,  61 E p , p i i = p i .  
i l 

(10) 

[~) ~, P," el = 
i 

The condition by means of which we take into con- 
sideration the information known about the heat flow Q 
had been used in an ear l ier  stage of variation with 
respect  to aij and has been included in the definition of 
the entropy of evolution in the form of the term pQ. 

The f i r s t  stage of the variat ion of H is car r ied  out 
for fixed Pi for the variables  Pij for the conditions ~) 
and 6)which were taken into consideration by the La-  
grange multipliers ~iPi and 6j: 

OPkt " 1 i z 

whence 

P~t 
- -  Pt log - 5 - - -  --P~ + %Pk + 61Pl~ = 0 

u k l  

= - - ~ Q - - 2 p  i log ~izi (15) 
i Pi 

The factor dk/ determines the existence of a de- 
tailed balance. 

Let us examine the expressions following from def- 
inition (14): 

PkPkz = dkt %Xt, 

PtPtk = dtk q~lXt~. 

If dkZ = d/k, which is the ease, according to (9), only 
when p = 0, Eqs. (12) and (13) t ransform to 

% X dkt )~t = Pk, ~k X dlk % = xk X dkt ~l = Pk 
l l l 

from the obvious conclusion that in view of symmetry  
9k = • Thus we immediately have satisfaction of 
the detailed balance 

PkPkt = dtu ~kT~t = dlk Xke?t = PtPtk. 

The second stage of variation is carried out with 
respect to Pi with consideration of conditions fl) and 
T). The condition of the maximum 

OPk i i 

yields the relationship 
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- -  l o g  - -  - -  

o-97 + �9 . ~ i  Op~] 

+y+2+~e~=0 .  (16) 

To calculate the sum contained here we will use 
(12) and (13) which, ~ffter differentiation, yield 

Opk ~-~. d~i ~i + Op~ 
J ] 

I ! 

Using (12) and (13) repeatedly, we obtain the value 

( p~ O):~ p~ 0~ t 
V o,-2 + -  = 

= 2 - -  ~ ' iioz--~ ' Opk ! 
r ] 

--= 2 0 ~ dii 2. --Op---~ 2 qhZ'= 
i ] 

Thus from (16) we have the following final form of the 
state and transi t ion probabili t ies:  

Pk = q%Z~ exp (-- y --  ~%) 

Gt )~. 
PSI . . . .  exp (y + ~ek) , (17) 

Zj~ 

where (Pk and Xl shouId be sought f rom the s imul ta-  
neous sotution of the system of equations (12), (13), 
c~), fl), which is possible only for specifically given 
energy spectra.  

Substitution Of distribution (17) into expression (15) 
for the entropy of evolution yields the final expression 
of the latter in terms of the macroscopic  parameters  

H=--~Q--~E--y.  
The contribution to the entropy of evolution by the 

thermokinetie term ~Q here may be arbi trar i ly large 
in comparison with the "thermostat ic  residue, " r ep -  
resenting the thermokinetic analog of conventional 
entropy. 
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